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ABSTRACT

This is a user’s manual for the computer code for partitioning a centralized con-
troller into decentralized subcontrollers with applicability to Integrated Flight/
Propulsion Control (IFPC). Partitioning of a centralized controller into two sub-
controllers is described and the algorithm on which the code is based is discussed.
The algorithm uses parameter optimization of a cost function which is described
here. The major data structures and functions are described. Specific instructions
are given. The user is led through an example of an IFPC application.
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1. INTRODUCTION

Large interconnected systems such as the flight/propulsion systems of modern aircraft
often exhibit significant coupling between the various subsystems. One example of such
a system is the Short Take-Off and Landing (STOL) aircraft wherein the forces and mo-
ments generated by the propulsion system provide control and maneuvering capabilities
for the aircraft at low speeds. This strong coupling suggests that a centralized control
design be used, however, a centralized controller which is designed for the integrated plant
considering all the interconnections between the flight and propulsion subsystems may be
of high order and may be difficult to implement and validate. Specifically, in aircraft design
it is the responsibility of the engine manufacturer to ensure that the propulsion system
will provide the desired performance when installed in the aircraft. The engine manu-
facturer thus needs a separate engine controller to be able to perform extensive testing
to assure adequate performance and integrity in the presence of operational and safety
limits. This requirement suggests the need for decentralized implementation of Integrated
Flight /Propulsion Control (IFPC) systems.

One approach to integrated control design which combines aspects of centralized and
decentralized control design approaches is currently being developed at the NASA Lewis
Research Center [ 1 ]. This approach consists of first designing a centralized controller, so
that all subsystem interconnections are accounted for in the initial design stage, and then
partitioning the centralized controller into separately implementable decentralized subcon-
trollers for individual subsystems. Here, partitioning means representing the high-order
centralized controller with two or more lower order subcontrollers which have input/output
intercoupling such that the overall control law obtained on assembling the subcontrollers
closely approximates the input/output behavior of the centralized controller.

The computer code described in this user’s manual is designed specifically for IFPC
application and the notation and terminology used here reflects that application. The
software described here uses a parameter optimization method to match the performance
of a centralized controller with a partitioned controller consisting of two decentralized
subcontrollers for the flight and propulsion systems. This matching will be subject to
certain subsystem design requirements. The structure is shown in Fig. 1.1, with optional

feedback paths indicated by dotted lines.

In the decentralized, hierarchical controller partitioning structure shown in Fig. 1.1,
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Figure 1.1 Controller Partitioning

the subscripts and superscripts “a” and “e” refer to airframe and propulsion (engine)
quantities, respectively, and the subscript “c” refers to commanded quantities. The inter-
face variables z., represent propulsion system quantities that affect the airframe, such as
propulsive forces and moments. The structure is hierarchical in that the airframe (flight)
controller produces commands for the engine controller via the interface variable (Zes)
which are tracked by the propulsion subsystem.

Such a control structure allows the engine manufacturer to evaluate the engine sub-
system performance independently of the airframe control and to verify that the engine
subsystem will provide the desired performance when installed in the airframe. In general
there are practical constraints on the achievable bandwidth of z., tracking for the engine
subcontroller. A lower bound on the z., command tracking bandwidth is based on achiev-
ing the desired performance for the integrated system, while an upper bound is imposed

by actuator limits and robustness requirements to high frequency modeling uncertainties.

The software discussed here refers to the structure described above. The variables are
named according to the convention given above. The parameters in this optimization pro-
cess are entries in the state-space representations of the subcontrollers. These parameters
are bounded so as to maintain subcontroller (open-loop) stability. An assumption made
in the formulation is that the plant has no direct feedthrough from control inputs, i.e. the
plant “D” matrix is zero. This simplifies the determination of the cost function and its
gradient.

One feature of the software is that the user may separately optimize the airframe
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controller for a fixed engine controller or optimize the engine controller for a fixed airframe
controller. The main alternative is to jointly optimize both although separate optimization

is demonstrated in the example.

This user’s manual is organized as follows. Section 2 briefly describes the cost function
which is the objective to be minimized. The partitioning algorithm is described in section
3. There is also a brief description here of the interrelation among User-defined Functions
(UDFs) so the user who wishes to change the cost function or partitioning structure will
know which UDFs must be changed. Section 4 describes the data structures needed for
carrying out partitioning using the MATRIX x programming language. This section also
contains a description of the major data structures and variables used. Section 5 has a
brief outline of the procedure for using the software. Section 6 contains a detailed example
which exercises the algorithm showing applications of its options.

Appendix I contain a detailed discussion of the parameterization, the cost function and
the gradient evaluation as they are implemented in the software. Appendix II contains
short descriptions of the UDFs which implement the partitioning algorithm. Appendix III
contains fully-documented source code for partitioning. Appendix IV contains the data
file, INIT.DAT, and partitioned subcontrollers, [SKA_OPT, SKE_OPT)] for the example in

section 6.



2. Tue Cost FUNCTION TO BE MINIMIZED

With reference to Figure 1.1, the partitioning problem can be stated as follows:

Given a centralized controller with transfer matrix i (s) and a specifi-

cation of the partitioning structure of controller inputs and outputs, i.e.

€,
1 Pl I e,
[ue] = K(s) Ya
Ye

where u, € R**, u, € R*, e, € R™,y, € R*,e. € R™ and y. € R'; a

choice of interface variables z.,, € RP=; a plant with transfer matrix CT(;)

of the form
G(s) = [Gciffz)] with Z = G(s) [H and zog = Gea(s) [ﬁ]
Ye

find subcontrollers with stable transfer matrices K*(s) and K*(s), i.e.

BRSOl EESRCR A0 : |

where €e; = Zea, — Zea, S0 that the closed-loop performance with the sub-
controllers closely matches that with the centralized controller within the

requirements of the subsystem.

The particular subsystem constraint for IFPC application is that the engine subcon-

variable commands z,, .

troller K¢(s) should have the structure of a command tracking controller for the interface

The cost function is formulated to reflect the difference between the centralized and
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partitioned controllers. The state space representations of the subcontrollers K%(s) and
K ¢(s) are parameterized and the cost function is minimized over those parameters denoted
as a vector p. The formulation of this parameterization is discussed in Appendix 1. Sta-
bility robustness may be achieved through the use of optional (user-provided) weighting

matrices and a normalization function in determining the partitioning cost. Specific details



concerning the cost function, the parameters involved and the evaluation of the gradient
of the cost are contained in Appendix I.

The cost function f(p) is the sum of the performance cost, fo(p), and an additional
cost of tracking the airframe-to-engine commands, f1(p), f(p) = fo(p) + f(p).

The performance cost, fo, is the H; norm of the weighted (and possibly normalized)

difference of transfer matrices for the centralized and partitioned controllers
7o) = [ Fmt [(Felie)(Ge) = ERIG)WiGe)
/ Nperr(w)

(Wa(j)(K (o) = K(p)(jw)Wiiw))| dw  (2:2)

where K is the transfer matrix from the (;) inputs to the u outputs for the centralized

controller, and K (s) is the transfer matrix of an “equivalent” centralized controller (having
the same input/output structure as K') obtained by assembling the partitioned subcon-
trollers using appropriate plant information. Details of the state space representation for
K (s) are given in Appendix I. '

We are using the H, norm of the weighted difference between the transfer matrices
for the centralized controller and the equivalent heirarchically partitioned subcontrollers
as will be described in Appendix I. Since this difference must be strictly proper in order
to apply this norm, it is reasonable for the D matrices for the centralized and partitioned
controllers to be the same. Thus it may be desirable to fix the values of Dg,, Dgy,, De.,
and D¢, (as describea in Appendix I) to values determined directly by the centralized
controller. This is one of the options available in “fixing the D-parameters”.

Wi(jw) and W,(jw) are optional input and output weighting matrices, Npgrr(w) is

an optional scalar normalization function. For example, the weighting
Wi(s) = G(s) (I + K(s)G(s))™

has been shown by Dale Enns | 2 ] to lead to stability robustness for the partitioned system
provided that the centralized system has this property. Other weighting and normalization

will be discussed with the example.

f1(p) is the cost of tracking the Z.,, command generated by the airframe subcontroller
for the engine subcontroller. This cost minimizes the difference between the transfer ma-

trices for the responses to the z,, command of z. using the partitioned controller and
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Z., using the centralized controller.

7 A,’ i . "" . 2 -
fi(p) = / S T (Tentie) = TRIGk) o 23)

T: .. is the transfer function vector from the airframe commands z,, to the i*? interface
variable z.,' with the centralized controller. Ti is the i*" row of the transfer function
matrix T from the airframe commands z,, to the interface variables as commanded by
the partitioned airframe controller, Z,,, with the partitioned subcontrollers. A is a scalar
weighting which determines the influence of f on the total cost and Ntrack(w) are (op-
tional) scalar normalization functions. ||- ||z denotes the Euclidean norm of the row vector.
Here, one may use the normalizations NTrack; = NTnel|2 to provide adequate scaling for
this cost. The parameters A; provide weighting for the contribution of the tracking cost to
the total cost. It was shown in [ 3 ] that manipulating A; provides an indirect means for
maintaining reasonable bounds on the z.,, command tracking bandwidth.

It may be required that the engine subsystem be proper, a condition which would be
violated if D¢, (described in Appendix I) is nonzero. As a result of the optimization
process, D¢,, may become large. This possibility is removed by “fixing D¢,, = 0” when

the option is presented while running the code.



3. THE PARTITIONING ALGORITHM
AND ITS IMPLEMENTATION

The objective is to minimize the cost f(p) = fo(p) + f1(p) as described above where
the parameters p are certain entries in the state space representation matrices for K'¢(s)
and K*(s) (denoted SKA and SKE in the code).

The fixed data used by the algorithm are state-space representations for the plant
transfer matrix G(s), the centralized controller K(s), the (optional) welghting matrices
Wi(s) and W,(s) (denoted as SP, SC, SWI and SWO respectively in the code), as well as
a partitioning structure for the numbers of controller inputs (airframe, MA; and engine,
ME), numbers of outputs (airframe, KA; and engine, KE), numbers of plant measurements
(airframe, LA; and engine, LE) and numbers of airframe to engine subcontrollers inter-
face variables (PEA). The control designer may also introduce normalization functions
(N_PERF and N.TRACK) for the performance and tracking costs. Examples of normal- .
izations are given with the example in Section 6. The user must also enter values of the
tracking weight parameters A; which determine the relative contribution of fi to the total
cost.

The algorithm incorporates the Broyden-Fletcher- Shanno-Goldfarb (BFGS) quasi- New-
ton method to select directions of search for Fletcher’s inaccurate linesearch, see [ 4 ]. This
iterative method requires the calculation of the combined cost and its gradient for the pa-
rameters p as referred to above. It uses successive gradients to build up an approximation
to the inverse Hessian matrix. Moreover, the inaccurate linesearch assures an adequate
reduction in the cost function at each step without using excessive effort searching for a
minimum far away from the ultimate solution. In this way, subsequent search steps are
successively closer to those generated by Newton’s Method and convergence is accelerated

as the iterations proceed.

The flow of the parameter optimization algorithm for controller partitioning is shown

in Figure 3.1. The main steps in the algorithm are:

1. The initial partitioning is obtained by applying the stepwise procedure described in
[ 5]. Special attention is paid to obtaining reasonably low-order subcontrollers which
are stable and satisfy the z,, command-tracking requirement. The initial state-space

representations for the transfer matrices K*(s) and K*(s) are denoted as S.KA and
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Figure 3.1 Flowchart for Partitioning Optimization Algorithm

S_KE; note that these are different from the working representations SKA and SKE

described next.

. The initial partitioning is converted to a “minimal parameter” form (with state-space
representations SKA and SKE respectively) and used to generate an initial value of

the parameter vector P_I. This form is described in Appendix L.

. The initial (as well as any subsequent) value of the parameter vector is passed to a
function which determines the state-space representation for the equivalent partitioned
controller and calculates the combined cost, f (denoted FP in the code). The gradi-
ent (denoted as DFDP) is also computed analytically by the procedure described in
Appendix L

. The BFGS method uses the current gradient in conjunction with previous information
to generate a direction of search. The Fletcher inaccurate linesearch is carried out using
the cost and gradient calculated at each parameter vector to predict a new parameter
vector until one is found which yields a sufficient reduction in both the cost function
and the size of the gradient. The new point is denoted as P_Il. This linesearch is

constrained so as to maintain stability of the subcontrollers.
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5. At the end of the linesearch, the new parameter vector and cost (PI1 and FP_I1) are
compared to the values at the beginning of the linesearch (P.I and FP 1) as a check on
convergence. If the maximum change in all the parameters is less than a user-specified
value and the change in the total cost is less than another value (MAX(PI1-PI) <
EPSILON and ABS(FP.I1-FPI) < DELTA) then convergence is declared and the
iteration ceases. If in addition, the maximum absolute value of the partial derivatives
is less than a user-specified tolerance (ABS(DFDP) < ETA), this is also noted. If the
number of iterations exceeds ITER or the function value is sufficiently reduced (FP
< FMIN), then the procedure stops with an appropriate message. If the convergence
test fails, the algorithm proceeds to update the information used to determine the
direction of search and to use the most recent cost and gradient values to generate a

new direction of search and carry out the linesearch via steps 3. and 4.

6. The output of the algorithm is the state-space representation for subcontrollers (de-
noted SKA_OPT and SKE_OPT) which minimize the cost function f(p) within the

convergence criteria.

7. These subcontroller transfer matrices have the same orders n, and n. as the initial
partitioning. Controller reduction can be performed on these “optimal subcontrollers”

and the process of optimization can be repeated on the “new initial partitioning”.

The algorithm is implemented in MATRIXx using a set of functions which are referred
to in MATRIXx parlance as User-Defined Functions (UDFs). A glossary of variables and
UDFs follows in Section 4. More complete descriptions of the UDFs appear in Appendix II
and an annotated version of the code appears in Appendix III. The flow of the MATRIXx

partitioning code as illustrated in Figure 3.2 follows:

a. The function START is called with ipput LAMBDA (required tracking cost weight

scalar or vector) and STOP (optional stopping criteria vector).

i. A file (INIT.DAT) is read to acquire the fixed data and initial partitioning (S-KA
and S_KE) referred to above along with a three dimensional vector (FRQ) which
gives the left and right end points as well as the number of logarithmically placed

points in the interval over which numerical integration takes place.
ii. START calls the routine MODL to put the initial partitioning into an appropriate
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Figure 3.2 Flowchart for the MATRIXx Partitioning Code

form to serve as a parameterization for the subcontrollers, i.e. SKA = MODL(SKA)
and SKE = MODL( SKE ).

ii1. The function LONGCOL transforms these state-space representations for the sub-
controllers into a parameter vector, i.e. PI = LONGCOL( SKA, SKE ). This
function along with its “inverse” MAT ([ SKA, SKE | = MAT( P.1 )) are used
throughout the code to transform between state-space representations for subcon-

trollers and a parameter vector. START also determines constants which will be
used by the other functions and stores them in CONST.DAT .

iv. START then calls COST to calculate the initial cost (FP) and gradient (DFDP).

_ START calls PARTITIO with the convergence criteria (STOP) as input. PARTITIO

is the main routine which
. generates the search direction (DI),

_ calls the function INACCURATE which carries out Fletcher’s inaccurate linesearch
(bracketing/sectioning) using cost function, F(PI+ALPHA*DI), and gradient values
generated by the function COST. While INACCURATE is running, the user will see
displayed ﬁrstthe brré;;:ketirAlAgAiknit;x;;lﬁ(rAL,V ALPﬁ) and function and derivative values
(FAL, FPAL; FALPR, FPALPR) then the sectioning interval (A, B) and corresponding
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function and derivative values (FA, FPA; FB, FPB). These give the user some sense
of how rapidly the linesearch is progressing, but they can easily be removed from the

code if desired.

e. Convergence/stopping conditions are checked by the function CONVERGE and steps
c. — e. are repeated until they are satisfied. During these major iterations, the last

twenty cost values are plotted.

f. The output of START is the final partitioning (SKA.OPT, SKE_OPT). At this point,

the program ends.

The user may do a posteriori analysis such as order reduction on the subcontroller state-
space representations (SKA_OPT, SKE_OPT) and start the procedure again with new
data in the file INIT.DAT.

If the user wishes to modify the partitioning structure, changes will be necessary in the
START, COST, LONGCOL and MAT routines. Different constants must be calculated
and stored by START. Different formulations for the state space representation of K(s)
and T(s) must be coded in COST and new formulations for the gradient must be gener-
ated using the procedure described in Appendix I. Furthermore, the conversions between
[SKA,SKE] and p by LONGCOL and MAT must be rewritten.

If a different formulation of the cost function is used, then only the portion of the COST
UDF where the cost and gradient are computed must be changed. The algorithm requires
a gradient with each evaluation of the cost. The new gradient may be the most difficult

change to make.
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4. REFERENCE TO MAJOR DATA STRUCTURES AND VARIABLES

Most of the input to the program is provided through the MATRIX x data file INIT.DAT.
The following data structures are mandatory to the running of the program and must be
provided in INIT.DAT prior to running the program.

INIT.DAT — Mandatory Data
SP, NP — the state space representation and the order for the integrated plant in

system matrix form

AP BP
SP = (CP DP)'

SC, NSC — the state space system matrix for the centralized controller, and its order.
S_KA,NS_KA — the state space system for an initial “guess” at the airframe controller,
and its order.
S_KE, NS KE — the state space system for an initial “guess” at the engine controller
‘and its order.
PEA — the number of interface variables from flight controller to the engine controller.
FRQ — a vector of the form [FRQ(1);FRQ(2);FRQ(3)] where FRQ(3) logarithmically
placed frequency points over the interval FRQ(1) < w < FRQ(2) are used in the
numerical integration for determining the costs. The number of points must be
odd because of the numerical integration rule used.
The following data structures are optional and may be entered in INIT.DAT if desired.
Indexing rules of MA"I;RIXVX do not allow the index zero or empty vectors. Thus, if
some of the optional quantities are absent or have value zero, the code will place dummy
variables in appropriate matrices and set corresponding size variables to nonzero quantities

(usually one).
INIT.DAT — Optional Data — if absent, the indicated default values are set by the code.

SWI, NWI — state space system for input weighting of the difference between central-

ized and assembled partitioned controllers, and its order. If absent, the code sets

SWI = an identity matrix of size (MA + ME + LA + LE + 1) and NWI = 1.
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SWO, NWO — state space system for output weighting of the difference between
centralized and assembled partitioned controllers, and its order. If absent, the
code sets SWO = an identity matrix of size (KA + KE + 1) and NWO = 1.

LA — number of integrated plant measurements to the airframe controller. If absent,
the code sets LA = 1; appropriate zero entries are introduced in SP, SC, and SKA.
This allows for the case where there are no measurements fed from the plant to the
airframe controller.

LE — number of integrated plant measurements to the engine controller. If absent,
the code sets LE = 1; appropriate zero entries are introduced in SP, SC, and SKE.
This allows for the case where there are no measurements fed from the plant to the
engine controller.

NPERF — normalization vector of size (FRQ(3) x 1) for the performance cost. If
absent, the code sets VNPERF to a vector of ones.

NTRACK — normalization matrix of size (FRQ(3) x PEA) for the tracking cost. If
absent, the code sets NTRACK to a matrix of ones.

STABIL — a necessarily negative parameter which is used to guarantee that all eigen-
values of the subcontrollers have negative real parts for stability. If absent, the
code sets STABIL = —107°.

The major constants used within the code are created by the execution of START and
stored in the file CONST.DAT.

MA, ME — number of airframe and engine controller inputs.

LA, LE — number of integrated plant measurements to airframe and engine controllers.

KA, KE — number of airframe and engine controller outputs.

PEA — number of intermediate commands from airframe controller to engine con-
troller.

SP, NP — state space system for the integrated plant, with ité order.

S_KA, NS_KA — state space system for the initial airframe controller (K'*) in modified
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modal form (or in original form if the system is to be held fixed) along with its
order.

S_KE, NS_KE — state space system for the initial engine controller (K*) in modified
modal form (or in original form if the system is to be held fixed) along with its
order.

SK, NK — state space system for centralized controller (K'), with its order.

SG, NG — state space system for transfer matrix from z,, to Ze (Teent) using the
centralized controller, with its order.

WEIGHT — a vector containing weights to use with Simpson’s integration rule; de-
pends on FRQ(3) for the number of points at which integration is to take place.

OMEGA — the vector of logarithmically placed frequency points at which sampling
is to be done; determined by FRQ.

AORE — flag to indicate whether the airframe controller (1) or the engine controller
(2) or neither (0) is held fixed during the optimization process.

FIXD — flag to indicate whether the ‘D’ matrices are held fixed; if FIXD = 0 none are
fixed, if FIXD = 1 or 2 the DAA, DAYA, DEE and DEYE are held fixed during the
optimization process and (if FIXD = 1) then DEEA and DEAE are variables or
(if FIXD = 2) then DEEA is set to a zero matrix and DEAE is a variable matrix;
if FIXD = 3 then only DEEA is set to a zero matrix and all the remaining D’s
are variable matrices. In any case DAA, DAYA, DEE and DEYE are saved in
CONST.DAT.

STABIL — a necessarily negative parameter which is used to guarantee that all eigen-
values of the subcontrollers have negative real parts for stability. If absent, the

code sets STABIL = —1079.

The outputs of interest to the program are kept in the file INTER.DAT, which contains

a history of the optimization process and information which can be used to restart the

program (after a crash or after intentionally stopping it) if desired.
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INTER.DAT contains

P_I — the last point (parameter vector) that met the inaccurate linesearch minimiza-
tion criteria, that is, the i point. P_Iis a column vector consisting of the successive
a, B values in the 2 x 2 blocks of A® and A°, the successive columns of Bj, after
the first, the successive columns of C*, the successive columns of D*® correspond-
ing to the z.,, outputs, the successive columns of B¢ after the first, the successive
columns of C¢, and the successive columns of D® corresponding to the e., inputsin
this order. See Appendix I for a more complete discussion of the parameter vector
as it is related to the cost function.

JHO — the complete history of the cost of partitioning through the i*! iteration.

JH1 — the complete history of the cost of tracking through the 7't iteration.

FH — the complete history of the total cost, FP = FP0 + FP1 through the i'® iteration.

GRADO — the gradient of the partitioning part of the cost function, fp, at the '
iteration.

GRAD1 — the gradient of the tracking part of the cost function, fo, at the ¢*P iteration.

GRADI — the total gradient of the cost function at the ith iteration.

LAMBDA — the PEAx1 vector which weights the contribution of the airframe to
engine command tracking cost in the total cost function.

HI — the inverse Hessian matrix being used during the BFGS optimization process.

FX — keeps track of which parameters corresponding to A* and A¢ are at the stability
bound.

Refer to the cost section of Appendix I for the structures of SP, SK, SKA, SKE and SG.

15



5. INSTRUCTIONS TO THE USER

The following instructions are intended to be a quick introduction to the code. They
do not attempt to Aex_pla,in the details of what is occurring during the execution. More
thorough documentation of the MATRIXx functions is available in the documented code
contained in Appendix IIL

e Use MATRIXx to construct the data file INIT.DAT described in the preceding section.

The initial approximation to the subcontroller state-space matrices S.KA and S.KE

can be produced by the procedure described in [ 5 ] or may come from a previous

application of the partitioning software. If any of the optional data are not present in

INIT.DAT then the code will produce the defaults indicated earlier.

e Start MATRIXx and type
DEFINE ‘START.MTX’
to activate the code. To execute START you must enter a value of LAMBDA, a weight-
ing of the tracking cost relative to the total cost. LAMBDA can be a PEA x 1 vector
whose entries individually weight the z., output responses to the total z,, inputs. If all
the weights are to be the same then a scalar may be entered. This variable emphasizes
the degree to which the tracking cost will affect the total cost.

Optionally, the vector STOP of stopping conditions can be defined.
STOP = [EPSL; DELTA; ETA; ITER; FMIN].

The program stops if the following criteria are met:

the maximum change in the parameters MAX(|PI-PI1]) < EPSL and
the change in the cost |FPI-FP 11| < DELTA and

the norm of the gradient [DFDPI| < ETA or
the number of major iterations I > ITER or
the cost FP.I1 < FMIN

If STOP is not entered, the following values are set by the code
STOP = [EPSL; DELTA; ETA; ITER; FMIN] = [107%; 10~%; 107°; 100; 0.1].

16



o Now the program can be executed by entering
[SKA.OPT,SKE.OPT]=START(LAMBDA, STOP) or
[SKA_OPT,SKE.OPT]=START(LAMBDA).

The choice of fixing the engine or airframe system matrices will be presented. If
neither is to be fixed (the usual choice) enter 0.

Various options for fixing the D—submatrices are presented. If none are to be fixed
enter 0 here. '

During the linesearch procedure, the user will see function and derivative values
which indicate the progress of the search for a reduction in the function value.
After every major iteration of the program (starting from the second), a MATRIX x
graph is generated showing the costs (total, partitioning and tracking) for the last

twenty iterations.

e When the run ends, the output of START is the final optimized state-space represen-
tations for the subcontrollers SKA_OPT and SKE_OPT.

The data file INTER.DAT stores the history of the costs, the most recent parameter

vector, approximation to the inverse Hessian matrix and gradient. This information

can be used to see the progress of the algorithm, and to restart the program either

after a successful termination or after user interruption.

There is a routine called RESTART which is available for restarting from a system crash
or an intentional interruption. It uses the data stored in INTER.DAT and CONST.DAT
and allows the user to define new values of the tracking cost weight A, the stopping criteria
STOP, and/or a new inverse Hessian approximation.
o The inputs and outputs of the RESTART routine are similar to those for START.
There are three alternatives:
1) enter [SKA_OPT,SKE_OPT]=RESTART(LAMBDANEVV) if all that is changed 1s
the LAMBDA weighting parameter or
2) enter [SKA_OPT,SKE_OPT]=RESTART(LAMBDANEW, STOP) if a change is
made in LAMBDA and/or STOP or
3) or enter [SKA-OPT,SKE_OPT]=RESTART(LAMBDANEW, STOP, 1) if a restart
with the identity matrix as the initial approximation to the inverse Hessian 1s
desired. Note that you must enter values of LAMBDANEW and STOP even if
they are the same as the previous LAMBDA and STOP.

17



The restarted program executes in the same way as before, with results stored in
the file INTER.DAT and the output of the program being the optimized state-space
representations SKA_OPT and SKE_OPT.

18



6. EXAMPLE OF CONTROLLER PARTITIONING
STOL Example.

The controller partitioning software is first applied to a centralized flight/propulsion
controller for a STOL aircraft as was described in reference [ 6 ]. This controller has the
form u = K(s)e with the error vector e consisting of errors, e = [ey, g, €N2, ecpr]’, in
following velocity (v), pitch rate variable (¢, = g+0.16), engine fan speed (N2) and engine
pressure ratio (EPR) commands. The control input vector u consists of rates of change
of thrust vectoring angle, fuel flow, thrust. reverser port area and nozzle throat area, u =
[67'~v, WF,ATS, AS]T. u consists of rates because integrators were appended to the control
inputs during the process of centralized control design to achieve zero steady-state error for
step commands. The partitioned airframe and engine controllers are desired to have inputs
e, = [ev, €] and e, = [en2,eepr)’ and outputs u, = [&}v] and u, = [ WF, A78, A8]T
respectively. The interface variable z., for this example is the single variable FEX, the
axial thrust generated by the propulsion system. An initial controller partitioning was
obtained using the procedure discussed in [ 5 ].

The numbers of airframe and propulsion subcontroller inputs are thus (MA=)2 and
(ME=)2 while the subcontrollers have (KA=)1 and (KE=)3 outputs respectively. There is
(PEA=)1 interface variable and no direct measurements are fed back from the integrated
plant to the subcontrollers (LA and LE are absent from INIT.DAT since there are no
measurements).

State-space matrices for the integrated plant, SP of order (NP=)13, the centralized
controller, SC of order (NSC=)13 and initial partitioning, SJKA of order (NS KA=)10
and SKE of order (NS_ZKE=)7 are listed in Appendix IV.

The optimization is done over the frequency range w € [0.1,100] with 41 frequency
points (FRQ=[0.1;100; 41]). The frequency weighting

Wi(s) = G(s)(I + K(s)G(s))™!

is used to achieve good performance matching as well as stability robustness for the equiva-
lent controller. The state-space representation for this weighting, SWI of order (NWI=)26,
is obtained from SP and SC. The tracking normalization, N-TRACK= NTcent ()3, is
used to scale the tracking cost. The state-space representation for Tcent(s) is constructed
as in expression (1.3) in Appendix I. Since LA and LE are absent, any blocks involving y.
or y. as either inputs or outputs are omitted. Notice that since PEA=1, Tcen: is 2 1x MA
row vector. Neither output weighting (SWO) nor performance normalization (N_PERF)
were used.

All the necessary variables are stored in INIT.DAT .

The tracking weighting parameter LAMBDA is set to 0.05 and the stopping criteria
vector is defined as

STOP=[le-9;1e-9;1e-9;100;0.1].
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After defining the UDF START by entering
define 'START.MTX’
the program is started by entering

[SKA,SKE}=START(LAMBDA,STOP).

Respond to the question concerning fixing the engine or airframe by entering ‘0’ to fix
neither as shown in Figure 6.1.

The ‘0’ response to the question concerning the D— matrices as shown in Figure 6.1
will fix none of these submatrices . The program now begins.

ENTER 1 TO FIX AIRFRAME, 2 TO FIX ENGINE or 0 FOR NEITHER: 0

ENTER 1 TO FIX ALL Ds EXCEPT DEAA & DEEA, 2 TO INCLUDE DEEA,
3 FOR ONLY DEEA, or 0 for NONE: 0

Figure 6.1 Screen After Responding to Questions

During a major iteration, the user will see values of AL, FAL, FPAL, ALPR, FALPR,
A, FA, FPA, B, FB and FPB displayed on the screen. These values result from calculations
during the linesearch as described in Step 4 of Section 3. In particular [AL, ALPR] is the
interval used in the “bracketing” phase of the linesearch and [A, B] is the interval used
during “sectioning”. The function values ( and directional derivatives) at the endpoints of
these intervals are denoted by FAL, FALPR, FA, and FP (respectively FPAL, FPALPR,
FPA and FPB). The user can follow the progress of the linesearch by viewing the values
displayed on the screen as in Figure 6.2.
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AL = A =
7.5865D-09 0.
FAL = FA =
4.9981D+01 4.9737D+01
FPAL = FPA =
6.7610D+08 -6.1169D+08
ALPR = B =
0. 7.5865D-09
FALPR = FB =
4.9737D+01 4.9981D+01
FPALPR = FPB =
-6.1169D+08 6.7610D4-08
DURING BRACKETING DURING SECTIONING

Figure 6.2 Screen Display During the Linesearch

After the first linesearch succeeds the user will see a graphical display of the values
of the total, performance and tracking costs for the previous major iterations (after the
twentieth, only the last twenty are displayed). A typical screen is displayed in Figure 6.3.

After 100 iterations, SKA and SKE are returned. The convergence criteria were not all
met, rather the program stopped because the maximum number of iterations was reached.
Nonetheless, as will be seen by a posterioiri analysis, the resulting subcontrollers exhibited
good performance and tracking properties. The total cost history is shown in Figure 6.4.

The performance of the initial controller partitioning is evaluated in comparison with
that of the centralized controller by comparing closed-loop system response to step com-

mands in the controlled variables z.
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The responses to ¢y, N2. and EPR. with the initial as well as the optimized parti-
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Figure 6.4 Cost History for Controller Partitioning Optimization

tioned subcontrollers were comparable to those with the centralized controller so they are
not shown here. However, the responses to V¢, shown in Fig. 6.5, show considerable
degradation in terms of increased coupling in the N2 and EPR responses with the ini-
tial partitioned subcontrollers. This deficiency was overcome by the optimized partitioned
controllers as can be seen in Fig. 6.5. Note that all the quantities shown in Fig. 6.5 are
normalized, using scalings discussed in [ 6 ], to allow a direct comparison of the various
response magnitudes. In addition, the response of FEX (the interface variable) to V, using
partitioned subcontrollers was also comparable to that using the centralized controller as

is seen in Fig. 6.6.

Since the performance with the optimized subcontrollers is found to be acceptable,
an effort is made to reduce the orders of the subcontrollers. The engine subcontroller is
reduced to 4'* order by residualization of the three high frequency modes without any
loss of performance. Through the use of internally balanced reduction techniques [7],
the airframe subcontroller is reduced to 6™ order (from the original 10'" order) without

excessive mismatch in the controller transfer matrix characteristics as is seen from the
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full and reduced order airframe controller singular values comparison in Fig. 6.7. This
reduced order airframe subcontroller does, however, exhibit deterioration in closed-loop

performance in the V and g, response comparison plots for a step change in V; as shown

in Fig. 6.8.

The reduced order subcontroller state-space matrices are stored as S_KA (order NS_KA=6)

and S KE (order NS KE=4) in INIT.DAT and the program is started by entering
[SKA,SKE]=START(LAMBDA,STOP).

One should not use RESTART here since the CONST.DAT file will not contain data related

to the reduced order subcontrollers. Moreover, since the engine subcontroller is acceptable,

the optimization should take place over only the airframe subcontroller parameters. When

requested to enter a value to fix a subcontroller, enter ’2’ to fix the engine subcontroller.

The program will execute as before, generating optimal SKA and SKE (fixed to the
initial reduced order S_KE). The response obtained with the optimized reduced order air-

frame subcontroller for step V. is shown in Fig. 6.8. Note that the optimized subcontroller
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also provides improved tracking of the velocity command. The state-space matrix for the

optimized reduced order airframe subcontroller is listed in Appendix IV.
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For a discussion of the application of this code to the design of a decentralized controller
for a Short TakeOff and Vertical Landing (STOVL) aircraft, the user is referred to [ 8 ]
This application uses measurements from the integrated plant to the subcontrollers and
includes more than one interface variable. In addition, several different weighting matrices

are discussed in [ 8 ].
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APPENDIX |

DEVELOPMENT OF THE COST AND ITS GRADIENT

The Parameters. Parameters in the optimization process are certain entries in state-space real-
izations of K(s) and K °(s) as defined in the formula (1.1). The notation M, is used throughout
to indicate the matrix M € {A, B,C, D} in the state-space realization of the system transfer matrix
s € {c,p,a,€e} (c =centralized controller, p =plant, a =airframe subcontroller, e =engine subcon-
troller) with input i (respectively output o) € {p,a,e,ea.,ea} (ea. =interface variable commands,

ea =interface variables).

ra . U, | _ Csa a\— a a D;, D3 o €q
K(s): [zm]‘«cgﬂca)(s"“ (B Bm)*(D;ca D:afy.)) [y]

€eq
Ke(s): .= (C(sI— A®)7'(Bt, B, BS,)+(Diw Die DC,)) | e
Ye

For the purposes of this software description, the corresponding state space matrices are written as

A® B, BC

aYa e e e e
SKA=| C:, D% D:. and  SKE = [ b D= e ggv«] (L1)
a a a ee eea ee €
Ceaca Dca.,,a Dea.,_ Yo Ye

One consideration in choosing a parameterization is to introduce a “minimal” number of pa-
rameters in the optimization process. A real canonical form used in [ 9 ] served as the model for

our parameterization. The subcontroller system dynamics matrices A® and A® are represented as

1
B

of either A® or A is odd, there is also one diagonal real entry corresponding to a real eigenvalue.

block diagonal matrices with two-by-two real companion blocks of the form [g ] If the order
In addition, & and J are constrained to be negative in order to meet the requirement that sub-
controllers be stable. It should be noted that this form for the A matrices does not allow for a
Jordan block structure. However, since the matrices are obtained from a numerical process, it is
improbable that the “optimal” solution would need such a special structure.

In addition the first columns of each of the subcontroller input matrices B3, and B¢, are fixed
at non-zero values determined as follows. State space representations for the initial partitioning

are not required to be in the canonical form described above. For each of them, a similarity
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transformation, T, is applied to the initial A matrix so that TAT"! is in the proper form. If A is
an 7 X n matrix then there will be n degrees of freedom in the determination of T'. Different T" will
yield the same canonical TAT! but different transformed TB and CT~! matrices. This implies
that there are actually n degrees of freedom in the determination of TB and CT~!. We select a
simple T which is nonsingular and compute TB and CT~!. We remove the degrees of freedom by
fixing the n entries in the first column of T'B to their values or 1079 if the corresponding value is

zZero.

We are using the H; norm of the weighted difference between the transfer matrices for the cen-
tralized controller and the equivalent heirarchically partitioned subcontrollers as will be described
below. Since this difference must be strictly proper in order to apply this norm, it is reasonable
for the D matrices for the centralized and partitioned controllers to be the same. Thus it may

be desirable to fix the values of DZ,, D3

ayae?

Dt,, and D¢, to values determined directly by the

centralized controller. This is one of the options available in “fixing the D-parameters”.

The parameters over which the optimization takes place are then the a and § entries in the
block canonical forms, the entries in all but the first columns of the matrices B¢, and B;,, and all
the entries in the matrices [ ggf:‘a] , C&,, D2, and Df,,. The parameter vector will be denoted
as p € RN where N = ng(ka + Mo + lo + Pea) + Re(ke + me + e + Pea) + Pea(ka + me); n, m, K,
and ! refer respectively to the order, number of error inputs, number of outputs, and number of
direct measurements for a subcontroller and p,, refers to the number of interface variables. The
number of parameters depends not only on the total numbers of controller inputs and outputs and
interface variables which are fixed but also on the orders of the subcontrollers, n, and n.. There
is thus a double incentive for keeping these orders low; not only to reduce the complexities of the
subcontrollers but also to accelerate the optimization algorithm whose performance depends on the

total number of parameters.

The Cost Function. The cost function is the sum of fo(p) as in (2.2) and f;(p) as in (2.3).

These involve the transfer matrices K(s), E(s), Teen(s), and T(s) which are described below.
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The parameters in the cost function are the entries in SKA and SKE as described in the previous
section. These parameters along with some fixed transfer matrices are used in the determination
of the transfer matrices needed in the cost function.

State-space representations for the centralized controller transfer matrix, K'(s), and the plant
transfer matrix, 5(-;) = [GC';,ES.Z):' , are given. Those for K (), Teent(s) and T(s) (shown in formulas

(1.2), (1.3) and (1.4) below) are constructed from the state-space representations of K(s), K*(s),

K¢(s), Gea(s) and G(s).

The transfer matrix IT(s) which enters into the performance cost term fo(p) depends on K °(s)
and K¢(s), and on the transfer submatrix of the plant from control inputs (u) to interface variables
(Zez)y Gea ©  Zea = Chp(s] — A7)V (B2, B;’e] [3‘:] The block diagram in Fig. I.1 shows the
specific interconnections accounted for in this transfer matrix. Note that K (s) has the same inputs
and outputs as K(s) as described in (2.1).

A state-space realization for the equivalent partitioned controller K (s) = C (sI — Z)'IE +D

was shown in [ 10 | to be §= [g g] where
T A® 0 0
A= B:mcglcu A¢ -B:mcgap
| (B2,CS, + BED%uCi.a) BpCi (AP - Bp.DCuCl,)
T B, 0 Bg,. 0
B= B:, D% . BS B:, DS ;
a = e a < 'y SeVa a Y (1.2)
L(B:aDaa'i' BcheenDenga) Bp?eD:e (BgeD:eaD:acy. +B£aDny,) BzeD:m
&= [ Cg, 0 0 ]
| DiCace Cée —DiwClp
5 = [ CD:aC OC CD:y; 9 }
DeeaDeaca Dee DeeuDea,,y. Dcy‘

The calculation of the tracking cost in (2.3) requires two transfer matrices, Tcent(s) and T(s).
The norms of the rows of their difference measures the differences in response of the various possible
interface variables to airframe commands. Figure 1.2 is the block diagram for Teent(s) = C™(sI —
Acent)=1 peent 4 peent the closed loop transfer matrix from airframe commands, z,_, to interface

variable quantities, ze,, , produced by the engine using the centralized controller.
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Figure 1.1 Partitioned Controller

Note that in Figures 1.1, 1.2 and 1.3 a block of the form

ta |

—_ Tg — -—‘vz'a—y[]-a

/" rtepresents the block N

(4]

As is easily seen from Figure 1.2 the state-space representation for the centralized controller

N

transfer matrix Teent (s) can be written in terms of the submatrices in the state-space representations

for K(s) and G(s),

AC (_Bgacgp h BgcCZp + Bgya C;ap + Bgyc C;:P
Acent — (BzaC:c + B;eC:c AP + B;’a(-Dgchp + D¢, CY , + D;.C? + Dg,, Cl.»)
+ B;’:e(_DgeC:p + Dgy.cg;:.p + D:ecgp + D:ye C;:P)
cen Bga n cen
pos | prs | ozl oo 13)

Figure 1.3 is the block diagram for f(s) = @(sI - 2)"5 + D, the closed loop transfer matrix

from airframe commands, z,,_, to interface variable quantities produced by the airframe subcon-

troller, z¢,, using the partitioned controller.
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The state space matrices for ’f‘(s) = 6’(31—2)" B+ D can be written in terms of the state-space

representations for K°(s), K¢(s) and G(s) as

~ [A B

T = [5 5] where
[ A® : 0 _B:acfp + Bgy‘C;’“p'

-Z = Beeeacgnca A® 'ZCP
| B2,C2, + B2, D.CL.. BLCE Ay
_ go

~ aa

B= BiwDe. o ]
_B;’;eDga + B:eD:eaD:a‘a

6 = [Cglcd 0 _D:acﬁcgp + D:Icyccgnp}

D =[Dg,.]

(1.4)

where 4,, = (=B&C?, — CtuChy, — By D% o CE, + Be D%, CP + BE, C? ) and A,y = (AP —

BgaD:acgp-B:eD:eaD:acacgp_ B;’;eD:eanap_ BzeDgcC£p+B£aD:y¢Cp

YaPp

+B2, D%, DS, . CL 4+

€lcYa ~ YaP

B;e D:yc C;:P)'
It may be required that the engine subsystem be strictly proper, a condition which would be
violated if D%, is nonzero. As a result of the optimization process, D¢, may become large. This

possibility is removed by “fixing D¢, = 0" when the option is presented while running the code.

The total cost is evaluated for a particula{ parameter vector p (corresponding to particular
SKA and SKE) By applying Simpson’s Rule for numerical integration to fo(p) + fi(p) over a
user defined logarithmically spaced frequency interval [w;,w;]. The expressions given above for
the state-space representations of K (s), K(5), Teem(s) and T(s) are used for calculating fo(p) and

f1(p) according to formulas (2.2) and (2.3).

The Gradient of the Cost.

The performance cost fo(p) was defined in (2.2) as

NPERF

fo(p) = / L_ix [(wo(k - K(pyW:) " (WK - Kp)Ws)] dw
0
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where the explicit dependence of the integrand on w is suppressed for convenience.

Only I\’(T)) depends on p so the derivative of fo(p) with respect to a parameter p of p is

afb(P)

e

4 - i - a
+ (Wom - KpWe) " 5 (Wol — Kp)W:) |do
(p
Since B:(];)(s) = 5(31 - Z)"II} + D, the product rule for differentiation implies that
,0B

1 . \°
= -2 ReO/ prp— tr [(Wa(h - K (p))W,) Wo

OK(P)(s) _ _ ) )
9 ” A)7 B+ C(sT - A)™ (sI A1 B+ C(sI - &) _+$
a sl — 1
=[C(.sI-A)—1 1]8_;)[2.; g] [(I }4) B]
Thus,
Bf(p)
o 211/ PERFtr[(W(I\—I\(p))W)

o im
W, [E(wI - &) I]%[é g] [(7“’1 IA) B]W,-]dw

Using abbreviations for the system matrix given in (1.2) well as for the terms on the left and

|

L(w) IRF (Walk - K@)W:) W. [Egol - D 1)

(ij - Z)_IE] W
. R I 1

right sides of the partial,

ty
1
'Qlih'l
lwils.]

allows the derivative to be written as

af"(p) -2 Re / tr [L(w) 5 R(w)} dw.

Any particular parameter p of p is some jk*® entry of some submatrix, denoted M;, relating

an input i to an output o of SKA (or SKE) as described in (I.1). Furthermore, p (as well as the
] as was described in (I1.2).

lwheeh

entire submatrix M,;) occurs in one or more blocks of S= [g
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S can be thought of as consisting of blocks aligned in “columns” corresponding to the “inputs”
Xa, Xey Xp, €3, €, Ya, Ye and in “rows” corresponding to the “outputs” X,, X., Xp, Ug, .. Each
block of S is denoted as Bor where I is one of the “inputs” above and O is one of the “outputs”.
Let Eo denote a column block matrix with the same number of rows as S, the same number of
columns as the dimension of the “output” O, with an identity matrix in the rows corresponding
to “output” O, and with zeros elsewhere. Let E;”T be a similar row block matrix corresponding to

the “input” I,
"0

Eo

]
~
&
g]
I
=)
o
~
(e ]
2

0

- "

Using this notation, S can be written as
§=32)" EoBoiEx™.
o 1

In the partial derivative of S with respect to the p = Mq;jx, every block of S is zero except
for the blocks containing p. Denote such a block as Bor = LooMoiRix, where Lo, denotes the
factor to the left of M; (if one exists, otherwise an identity) and R;; denotes the factor to the
right( similarly, an identity if Mq; is the rightmost factor); define both Lo, = 0 and Ry = 0 if
Bor does not contain M,;. The partial of S with respect to p thus contains a term of the form
Looe_jekTRiI in the same place as the block Bor. These contributions can be written as

85
-a—p = ZE EoCooejekTRiIEIT
O I

Thus the partial of the partitioning cost can be expressed as

M = —9 Re/tr [L(w) (EZ EoﬁooejekT'RnExT) R(w)] dw.
op 1

0 o)
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Note that L(w)EoLooe; is a column vector and ekT’R,uEITR(w) is a row vector. Furthermore,

the trace of a column times a row is the dot product of the row and the column. Therefore,

aj;(p) =-2 Re/zz (e Rix Ex” R(w))(L(w)EoLooe;)] dw.
P p O I

To generate the partials with respect to all the parameters in Mg; simultaneously, let j and k
vary over the row and column indicies respectively of the submatrix. Notice that varying the row
index j selects the j*" column of the product L(w)EoLoo, Whereas varying the column index &
selects the kP row of RirErT R(w).

A matrix containing the partial derivatives with respect to the entries of M,; located in each
entry’s proper spot is thus obtained by replacing e; and e; by identity matrices and transposing

the result.

8fo(p) _ T ' T
My - 2Re of %Z EII [(RaEx" R(w))(L(w)EoLoo)]” d

Note that only the terms in R(w)L(w) depend on w and thus the integration can be rewritten to

yield T
9fo(P) _ _5 Re R BT w[R(w)L(w)]dw EoLoo
A o s | oco

: : : 8fo(p) dfo(p) . .
Finally, build two matrices denoted 3SKA and 39KE of the shapes of SKA and SKE (de-

scribed in (I.1)) respectively containing the partial derivatives of fo(p) with respect to the parame-

ters in SKA (respectively SKE) in the same positions as the corresponding parameters would occur.

afo(p) 0 fo(p)
35KA "¢ BSKE

by a call of the function LONGCOL (the same function which produces p from SKA and SKE).

This is done so that in the software the gradient vector can be produced {rom

To build these matrices, define the “row” and “column” block matrices E®;T and E°, relative
to the “inputs” i € {X,,€q,¥a} and “outputs” o € {Xe,Ua,Zea, } for the airframe controller state-
space system matrix SKA. As before E% is a block column matrix with as many rows as SKA,
with an identity matrix of size equal to the dimension of the output o in the rows corresponding
to o and with zeros in the remaining rows. The matrices column block matrix E¢, and the row

block matrices E% 7, and E%;T are similarly defined. If we again denote the submatrices of SKA
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as M?%,; and those of SKE as M?®;, we can write

SKA =33 E®M°GE4T and SKE=3 3 EfeMGES’.
i N -
Notice that, as with S, the column and row block matrices mercly position each M,; properly.

dJo(p) .
OMai

Thus, replacing M; by the corresponding block ———== in these formulas gives the desired results

0fo(p) « 0J0o(P) pa T
0SKA ZZ Eo 6M°°iE

and

afO(p z Ee afO(p) Ee T

BSKE aMeoi
Using the expression from above for a'jfw(p) gives
. T

dfo(p) _ a T aT

Zskx = 2 ReZ}: E°, ;XI: RiuEr / [R(w)L())dw| EoLoo| E%

o 1 0

. T

= -2 Re {Z SN ELRaE” [ / [R(w)L(w))dw EOEOOE“OT} .
o i O 1 °

The terms of the form E®;R;1Er” are independent of “outputs” o and O whereas those of the form

EoLooE®,T are independent of “inputs” i and I. Therefore the sums can be rearranged
g

T
63?1({1) =—2Re [(Z EI: E“i‘R,;IEIT) ( / [R(w)L(w)] dw) (ZZ EoLooE% )]

0

The sum Z 3 E®;Ri1E;” represents a matrix with “inputs” I, the “inputs” of §, and with “out-
puts” i, the “inputs” for SKA. This matrix has the submatrix Rix as the block in the rows corre-
sponding to i and the columns corresponding to I; denote this matrix as R®. Similarly the matrix
=3 %: EoLooE?,T contains the submatrix Lo, in its block with rows corresponding to the

°

S “output” O and with columns corresponding to SKA “outputs” o.

fo(P)
OSKA~

The following simple procedure can thus be used to determine
1. For each block Box of S containing a submatrix M?%g; from SKA, determine the left and
right factors (or identity) Loo and Riy of M%;.
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2. Enter Loo in the appropriate block of L® and Ry in the appropriate block of R®.

oo

3. Ca]culate/ R(w)L(w) dw where
0

L{w) =

— (Wo(k - E@)W:) Wo [C(jwl - A)7 1]

R(w) = [(M 'IZ)_IE ] W

4. Form

oo T
afO(p) a a
Socn = ~2Re [R ( / [R(w)L(w)]dw) L } :

0

By a similar procedure

0o T
dfo(p) _ e e
aSOKE = -2 Re {R ( 0/ [R(w)L(w)]dw) L }

where L€ and R® contain the left and right factors respectively of M®o; terms appearing in S.

It is easy to use the representation of S as given in (1.2) to calculate

I 0 0
I 0 0O0UO0CTUO0OO 0 0 B¢,
R*=1|0 0 0 I 0 0 O and L°= |0 B}, Bf.D;e,
0 000O0 T O 0 0
0 O D¢,,
and
I 0 0 0 0 0 0 5.) g
e __ Ceeea 0 _C::p D:zga 0 D:u‘ . 0 e
R=17% o o ot 1 o o @ IS g Bge
0 0 0 0 0 0 I 0 I

The Tracking Cost

The tracking cost was given in (2.3) as

7 A~ . ’\. 2
= (| Teen = T 2} dw
f1(p) 0/ > i@ (Iiew - TP d

where the state space representations for Teent(s) and T(s) are given in (I.3) and (1.4) respectively.
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This function can be put into a form which is similar to fo(p) so the same procedure for calcu-
lating the gradient applies. Each row of the difference s normalized before the sum of squares is cal-
culated. Note that the multiplication by non-negative A; and division by non-negative Nigack (@)
could also be absorbed into the normalized sum of squares by the use of their square roots. Multi-
plication (or division) of rows by factors can also be achieved by multiplication from the left by a
diagonal matrix. The sum of squares of the row norms in the resulting product is the same as the

sum of squares of all the entries or the H; norm of the diagonal weighted difference. In this case
o0 A -
fl(p) = /tl‘ d]a'g '—T__l—- Tcen _T(p)
g Nirack(w) ( t )

'A- _
dia _— Teent — T dw.
g(v N’i‘RACK_(w) ) ( cent (p))]
As before, denote

T
Lg(w) = (dia.g ( —N?;{%:—K—(w—) ) (Tcent - T(F)))

dia,g( -—A——> [E(jwI - A)F T

N ;i:n}xck (w)

. _ S\N—11
Ry(w) = [(]wI IA) B]
and apply the same procedure as earlier to write the partial derivatives as
I 0 0 T
I 0 0 0} %
5SKA - - Re g g }f“” é / R(w)Ldw)dw | o gp g e,
YoP 0 0 0 I
and
0 I 0 0 oo 0
dfi(p) _ Céy 0 -CP, —-DiyCL,+D%,.Cl, 0 Dg. I
35KE - 2Rl 0 o -Cr, 0 / Ri(w)Li(w)dw |
0 0 Cr o, 0 0 0

This completes the discussion of the cost function and its gradient as implemented in this
software. If the user wishes to compute cost functions involving the Hz norm as used here, the user

must apply the procedure described above to determine the gradient.
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APPENDIX 1]

SHORT DESCRIPTIONS OF USER-DEFINED FuNCTIONS

START in START.MTX

[SKA.OPT,SKA.OPT] = START(LAMBDA, STOP)

Initializes information from dat'a files, puts subcontrollers into modified modal form, constructs or
initializes some matrices required for the evaluation of the cost function. Calls COST to initialize

the costs and gradients and then calls PARTITION to perform the optimization.

InpyT
LAMBDA — weighting for the contribution of the tracking cost to the total cost.
STOP (optional) — vector of stopping conditions.

INIT.DAT — data file containing initial information.

OvuTPUT
SKA_OPT — the state-space representation of the optimized airframe subcontroller.
SKE_OPT — the state-space representation of the optimized engine subcontroller.
CONST.DAT — data file containing constants used by other UDFs.

PAR.DAT — used to store the stopping conditions in STOP.

RESTART in RESTART.MTX
[SKA_OPT,SKA_OPT] = RESTART(LAMBDANEW, STOP, NEWH)
Restarts the program using the data available in INTER.DAT and CON ST.DAT. Calls COST to

initialize the costs and gradients, and then calls PARTITION to optimize.

INrPUT

LAMBDANEW — a new value of LAMBDA may allow a different emphasis on the tracking

cost relative to the total cost.
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STOP (optional) — the vector of stopping conditions, same as in the START routine. It may
be redefined, perhaps to allow more stringent conditions or more iterations.

NEWH (optional) — a flag whose presence indicates the desire for restart with identity inverse
Hessian. If restart with the current Hessian matrix is desired, no value should be passed.

CONST.DAT — data file containing constants pertaining to the plant and global controller
being partitioned.

INTER.DAT — the data file in which intermediate results from previous iterations are stored.

OuTtpPuT
SKA_OPT — the state-space Tepresentation of the optimized airframe subcontroller.
SKE_OPT — the state-space representation of the optimized engine subcontroller.
PAR.DAT — the data file in which the stopping conditions STOP are saved.

INTER.DAT — the data file in which intermediate results are stored.

PARTITION in PARTITIO.MTX

PJI = PARTITION(STOP)

This is the main routine and does the optimization. It iterates till some convergence or stopping
conditions are met. After each iteration a graph is plotted showing the change in costs. PARTI-
TION implements the Broyden-Fletcher-Goidfarb-Shanno method of determining a search direction
for minimization. It then calls the function INACCURATE to implement Fletcher’s inaccurate line
search in that direction. The function CONVERGE is called to see if convergence or stopping

conditions are met; if not, the iteration in PARTITION is repeated.

INPUT o N
STOP — the vector of stopping conditions, used to check convergence.
CONST.DAT — the data file containing the constants of the program.
INTER.DAT — the data file containing the intermediate results.

QuTPUT
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P_] — the vector of parameters, after the ** optimization step.
INTER.DAT — the data file containing the intermediate results, where the results of the

optimization are stored.

INACCURATE in LINESRCH.MTX

[ALL FAL, FPO, FP1, DFDPAL, DFPQ, DFP1, FLAG]

= INACCURATE (X, FZ, DFDPZ, D, FMIN, DELTAF, LAMBDA, ALPHAMAX)

This function performs Fletcher’s inaccurate line search as part of the unconstrained optimization
performed by the function PARTITION. It calls the function COST to get the cost and gradient for
the cost function evaluated at the 1! set of parameters. Effectively, INACCURATE seeks a point

where a sufficient decrease in both the function value and directional derivative have occurred.

INPUT
X — the current point (parameter vector), before the linesearch.
FZ — the total cost function evaluated at X.
DFDPZ — the gradient of the cost function evaluated at X.
D — the direction vector which the PARTITION function has chosen to perform the line search.
FMIN — the minimum value for the cost function. If the cost falls below this value, the
function will terminate.
DELTAF — the estimated change in cost.
LAMBDA — the weighting for the tracking cost.

ALPHAMAX — maximum alpha, set by stability constraints.

OvuTpPUT
ALI — the alpha value that yields sufficient reduction in F(X + alpha X D) for the i*" iteration.
FAL — the total cost function evaluated at X + AL x D.

FPO — the partitioning cost evaluated at X + AL x D.
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FP1 — the tracking cost evaluated at X + AL x D.
DFDPAL — the gradient of the total cost function evaluated at X + AL x D.
DFP0 — the gradient of the partitioning cost at X + AL x D.
DFP1 — the gradient of the tracking cost at X+ AL x D.
FLAG — an output flag signalling the condition with which INACCURATE completed.
0 — solution found, no problems.
1 — solution found, objective value less than FMIN.
2 — new point found, but backeting step converged to right endpoint without satisfying

Armijo/Goldstein conditions.

COST in COSTMTX

[DF, DF0, DF1, FP, FP0, FP1] = COST (P, LAMBDA)

Evaluates the cost and gradient at the current point using the cost function described in Appendix L.
The state space representations for K (s) and f(s) are constructed based on the current value of the
parameter P. The contributions of these to the costs fo and f; are calculated at each frequency point
in OMEGA and are added according to Simpson’s Rule for numerical integration. Furthermore, the
contributions to the gradient as described in Appendix I are also accumulated for each frequency

in OMEGA.

InpuT
P — the current point (parameter vector).
LAMBDA — the weighting for the tracking cost.

CONST.DAT — the data file containing the constants of the program.

OuTPUT

DF, DF0, DF1 — the gradients of the total cost function, the partitioning cost function and
the tracking cost function respectively.

FP, FPO, FP1 — the values of the total cost function, the partitioning cost function and the
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tracking cost function respectively.

CONVERGE in CONVERGE.MTX '
ANSWER = CONVERGE (X1, F11, X1, F1, GRAD, EPS, DEL, ETA)

This function checks if the convergence condition are met and returns a flag ANSWER defined as

0 if MAX |[XJ1-XJ| >EPS or [F11-FI| >DEL
ANSWER = { 1 if MAX |[XJI1-XI| <EPS and |[FI11-F.J] <DEL but MAX |GRAD| >ETA
9 if MAX |[XI1-XJ| <EPS, |[F11-F.]| <DEL and MAX |GRAD| <ETA

INPUT
X _I1 — the value of the variable (parameter vector) at the (i + 1) iteration.
F.I1 — the value of the cost function at the (i + 1)'® iteration.
X_I — the value of the variable (parameter vector) at the ith iteratiqn.
F_I — the value of the cost function at the i*P iteration.
GRAD — the gradient of the cost function at the (i + 1)th iteration.
EPS — the absolute tolerance for X differences.
DEL — the absolute tolerence for cost function differences.

ETA — the absolute tolerence for the gradient.

OvuTruT
ANSWER — a flag indicating the state of convergence.
0 — no convergence.
1 — variable values converge, function values converge.

9 — variable values, function values, and gradient converge.

MODL in MODL.MTX
[SM]=MODL(S,NS)
This function takes a system matrix and puts it in to the form where A has 2x 2 companion matrix

blocks whose first rows are [0 1] and whose second rows are [a b]. The transformation matrix is
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normalized by requiring that all nonzero entries in the first column of the B matrix remain fixed

(zero entries are set at 107°).

INPUT
§ — the system matrix.

NS — the order of the input matrix S.

QuTPUT

SM — the system matrix in modified modal form, still having order NS.

MAT in PARMAT MTX

[SKA,SKE] = MAT(P)

Creates the system matrices for the airframe aﬁd the engine controllers from the parameter vector
(the variable over which the optimization process is being performed). In case one of the subsystems
is fixed, the corresponding initial system matrix is loaded from CONST.DAT and returned as SKA

or SKE.

INPUT

P — the parameter vector.

CONST.DAT — the data file of constants.

OvuTPUT
SKA — the system matrix for the airframe controller.

SKE — the system matrix for the engine controller.

LONGCOL in PARVEC.MTX
[P] = LONGCOL(SKA,SKE)
This function generates the parameter vector from the system matrices for the airframe and the

engine. In case one of the subcontrollers is fixed, the parameter vector corresponds only to the
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parameters in the other subcontroller.

INPUT
SKA — the airframe controller.
SKE — the engine controller.

CONST.DAT — the data file of constants.

QuTPUT

P — the long column vector of the parameters.

Z in ZERO.MTX
[ZER] = Z(NROW, NCOL)

Constructs a matrix of zeros of size NROW x NCOL.

INPUT

NROW, NCOL — the row and column size of the desired zero matrix.

QutTPUT

ZER — the generated zero matrix.
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AprPENDIX III

CONTROLLER PARTITIONING CODE
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